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Abstract. In this paper we give an analytica equivaent for the inclusion of a set to the Lebesque
set of a convex function. Using this results, we obtain global optimality conditions (GOC) related
to classical optimization theory for convex maximization and reverse-convex optimization. Severa
examplesillustrate the effectiveness of these optimality conditions allowing to escape from stationary
points and local extremums.
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1. Introduction

Nowadays there is a renewal of interest and a revival of activity in global opti-
mization (GO) [2-16] due to two kinds of incentives: more precise demands from
theworld of applications, and more pertinent theoretical contributionsfrom mathe-
maticians. However, in contrast to the fact, that at present thereis ahuge number of
papers devoted to GO (see, for example, the referencesin [8]), there does not exist
a generally accepted GO conditions theory alowing to construct GO algorithms
capable of solving large dimensional GO problems, although a hope to do it is
glimmering yet. Taking into account the situation in global optimization we decid-
ed to inform the Western * GO society’ on the approach proposed in [11-16], since
the papers[12-14] (in Russian) are not fully available to Western mathematicians.
Surprisingly enough the simple notion of convexity playsacrucial roleinthedevel-
opment of the theory and the practice of optimization during the second part of the
20th century. Asit iswell-known the Fermat and L agrange principles remain basic
for solution methods in mathematical programming, mainly for convex problems,
where every local solution turns out to be global one. Nevertheless, this classical
apparatus turns out to be inoperative for nonconvex problems where there may be
‘many’ local extremumswhich differ from global onesasit isin ‘reverse convex’
optimization, where convexity is present, but in a reverse sense (concave mini-
mization or convex maximization, reverse convex problemsand d.c. programming
problems). Regardless of the importance of classical theory, the development of
‘reverse convex optimization’ took the way of branch and bounds, bisection’s and
cut’s ideas etc., which stand further from the Classical Principles of Extremum
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416 ALEXANDER S. STREKALOVSKY

Theory. However, there may exist away for GO keeping on the classical road. In
order to analyzethe situation it would be pertinant to recall afew basic features of
Classical Optimality Conditions (GOC).

To begin with, consider the characterization of a global solution z € D to a
convex problem

flz) L min,  z €D, 1)
(f(-) and D are convex) given by the condition
<Vf(z),x—2>>0 VzeD. 2

This meansthat in order to verify whether a point z is aglobal solution to (1), we
haveto solve the linearized problem

<Vf(z),x >} mn, zé€D; (3)
and after this, we have to verify the inequality
< Vf(Z),:L"(Z) —z>2 07 (4)

where z(z) isasolution of (3).

Hence, the meaning of optimality condition (OC) (2) in particular consistsin
reducing the original problem (1) to a simplier one (3) (with a linear objective
function).

Secondly, it iswell-known that if Inequality (4) isviolated, that is,

< Vf(2),z(z) — 2 >< 0,

then one can form a feasible point z(«) = az(z) + (1 — a)z,a €]0, 1], which
is better than 2z : f(z(a)) < f(2). In other words, OC (2) alows us to decide
whether afeasible point z is aglobal solution to (1) or not, and if not, (2) enables
usto construct a better feasible point. In the sequel, this property of the OC will be
called the Algorithmic Property.

It can be readily seen that the classical local OC:

<Vf(z),x—2><0 VzeD, (5)
for a convex maximization problem
f(z) tmax, =z €D, (6)

(where f and D are convex) concerves the Algorithmic Property of OC (2). The
same can be said about Rockafeller’'s OC (1970 [2])

df(z) € N(z/D), )
since (7) can be expressed as
Vz* € 0f(z) :< 2%, —2><0 VzeD. (7)
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GLOBAL OPTIMALITY CONDITIONS FOR NONCONVEX OPTIMIZATION 417

As far as we know, (7) was the first OC which distinguishes itself from classical
OC that have the character of nonempty intersections (or of existence)

df(z) N N(z/D) # 0. (8)
The latter condition is generated by the geometry of intersections
DonD =10, 9)

where Do = {z € R"/f(z) > f(2)} for (6).

Itisclearthat if z isaglobal solution of (6), then (9) holds. But for arbitrary sets
Dy and D we are not able to give any analytical equivalent to (9) which can lead
usto OC with the Algorithmic Property. By replacing Do and D by corresponding
convex conic approximations Ko and K1 [2-6] we derive from (9)

KoNnKq =0. (20)

When we apply an appropriated separation theorem at this point we get (8). Hence,
one can say that the classical OC theory is based on Separation Theorems [2-7].
However, note that Rockafeller's OC (7) cannot be obtained in this way and we
must be very careful to interpret (7) as a classical OC. On the other hand, as it
was noted long ago (see the referencesin [5—-11]) for the reverse convex problems
(asin (6)) the geometry of intersections ((9) and (10)) can not aid in an analytical
characterization of a global solution. Thus, it would be resonable to abandon the
geometry of intersections and to pass to more suitable in the case geometry of
inclusions. For instance, for (6) we have

D cC, (11)
where C'isthe complement of Dy:
C={zeR"/f(x) < f(2)}.

However, when changing the geometry, we need another analytical apparatus,
different from the separation idea and appropriated to the inclusion geometry.
Recall several results from Convex Analysisthat give various analytical criterions
of inclusion to a closed convex set.

Let Q° bethepolartoaset Q C R”,0 € Q

Q= {z* € R":<z*,z ><1 VreQl
and o(z*/S) bethe support functionto S C R™:
o(z*/S) =sup{< z*,z > /z € S}.
T
It is well-known [2, 5] that if C is aclosed convex set and D is an arbitrary set

in R", z € C N D, then theinclusion D C C is equivalent to each of the dua
conditions

(C —2)°c (D -2, (12)
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o(z*/D) < o(X*/C) Vz* € R":||z"|| =1 (13)

Further, using the useful apparatus of supporting hyperplanes one obtains that
any closed convex set C'in R™ istheintersection of all closed halfspacesgenerated
by the supporting hyperplanesto the set C and containing thisset. Asaconseguence,
an arbitrary set D C R"™ is contained in a closed convex set C' iff D belongs to
every supporting halfspace to the set C. We prefer to express this under the form
[11-16] more appropriated to the theory of OC. Given two nonempty sets D and C
in R™, one of which (assume C) is closed and convex. Then the inclusion D C C
holds iff the dual inclusion

N(y/C) C N(y/D) Yy € bdC (14)

takes place. Here bd(C' is the boundary of C'.

It can bereadily seen that the dual inclusions (12)—(14) are related to each other
and that they are almost obviously equivalent. Nevertheless, (14) works only with
boundary points of C' ((14) stresses this fact) and not with the global information
about C' and D given by (12) and (13). On the other hand, we would not consider
(12)—(14) and, moreover, theinclusion D C C as some OC, because these results
exist independently of any extremum problem and have their own valuein Convex
Analysis[1-10]. Besides, the dua inclusions (12)—(14) play the samerole for non-
convex problemsas do Separation Theoremsand the Minkowski-Farkash Theorem
in the Classical Extremum Theory. That is, they provide the analytical apparatus
characterizing the geometrical fact (10). However, nobody estimates Separation
Theorems as OC. Then the following question is natural. What can be called an
OC for aproblem of interest? To our opinion, it should be an analytical expression
satisfying the following requirements:

a) This must be an analytical condition involving only the data of the problem
under investigation.
b) It must have arelation with Classical Extremum Theory.
¢) This condition must reduce the original problem to a problem or a family of
problems, which are, in a sense, simpler to solve than the original problem.
d) Thiscondition must possessthe Algorithmic Property, that is, in the case when
the condition is violated, there is arule allowing to construct a feasible point
which is better than the point where the condition does not hold.
For instance, it is easy to see that OC (2) satisfies all four properties (a)-(d) for
Problem (1). Similarly, the KKT-OC

Vf(z)+ X1 AiVgi(z) =0,
(15)
Xigi(2) =0, X >0,
for the mathematical programming problem
f(fE)\Lmln, gl(x) SO,Z:].,,TTL, (16)
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satisfies the requirements (a)-(d).
Actually, onemay say that Problem (16) isreduced (by means of (15)) to solving
the linearized problem

< Vf(z),z | min,
< Vgi(z),z >< 0,1 € I;

I={ie{l,...,m}/gi(z) =0}

which is obviously simpler than the original Problem (16), and so on.
Similarly, the GOC of Hiriart-Urruty for Problem (6) using the e-subdifferential
and the e-normal cone [5-7]

8€f(2) - NE(Z|D)7 Ve >0, (17)

possesses all the features (a)-(d). Clearly, when e = 0, we readily obtain (7).
In [11-16] another approach was proposed for constructing GOC. For instance,
if z isaglobal solution to Problem (6), then

Vy: fly) = f(z), Vy*€0f(y) }
(18)
(y*,x—y)SO, Vz €D

or (which is equivalent)

Of(y) e N(y|D), Vy:fly)=f(2). (18)

By setting y = z we again obtain Rockafellar’s Condition (7) which characterizes
only local maximain (6). However, under the assumption

e R": —oc0 < f(v) < f(v) <400

OC (18) turns out to be sufficient for z to be global maximizer to (6). It can be
readily seen that adifficulty of using Condition (18) consistsin the choice of apoint
y or severd pointsy’,i = 1...r,onthelevel surfaceU = {y € R"|f(y) = f(2)}.
By analyzing GOC (18) it is easy to note that in order to escape from a stationary
point z, we have to solve the linearized problems (in the smooth case)

(f'(y"), @) — max, z € D;
and subsegquently we have to verify the inequalities
(f'y"), 2 —y') <0,

where z' € D isasolution to corresponding linearized problem.

In order to facilitate the choice of these points y* for the case of the functions
f(+) with the compact Lebesque set S(f, z) we here propose to use only extreme
points of S(f, z). Hence, this paper aims at several objectives. Thefirst isto give
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420 ALEXANDER S. STREKALOVSKY

an introduction to the results from [11-16] and to future papers that we intend to
publish. On the other hand, we display a ‘geometrical’ proof of the GO theory
constructed in [11-16]. This proof is completely different from those presented in
[15] and [16] and supplies convex analysis tools concerning the inclusions into a
convex set.

In addition, Proposition 1 (see below) describes the elements from the polar
(S — )0 of the Lebesque set S = S(f, z) of a convex function f : X — RU
{+00}. Using thisresult, Proposition 2 gives the analytical characterization of the
geometrical fact of inclusion of a set into the Lebesque set S(f, z). This makes
it possible to characterize a global solution for convex maximization problems
(Section 2) and the reverse-convex optimization (Section 3) which is shown by the
examples (Sections 2 and 3).

2. Polarsand setsinclusions

Let X and X* beapair of dual locally convex linear topological spaces (see[1]).
Definethe polars A° and B° of sets A € X and B C X* respectively, as

A° ={z* € X*|(z*,z) <1 Vz e A},
B°={ze X|(z*,z) <1 Vz* € B},

and the bipolars by the equalities A°° = (A°)°, B°° = (B°)°.

Itiswell-known [2] that the polar isalwaysthe convex and closed set containing
0. Therefore, if 0 € A and A is convex and closed then A°° = A. In the general
case (see [2-5]) one can write A° = D°, where

D = cl[co(A U {0})],
and since D°° = D, we have
A®° = cl[co(A U {0})].

Further,itisclearthatif A,C C X,C #(0and A C C'thenC® C A°. Theinverse
isnot trivial.

LEMMA 1 [2]. Suppose sets A, C C X, A # 0, C is convex and closed and
z € C. Then the following two inclusions are equivalent:

a) AcCC;

b) (C—2)°C (A2

Denoteby N (y|A) the set
{r¥ €e X*|(z",z —y) <0 Vze A}
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GLOBAL OPTIMALITY CONDITIONS FOR NONCONVEX OPTIMIZATION 421

(evenif y doesnot belong to A) and

M(z|A)={z" € (A—2)°] FueA:{(z*,u—=z) >0}
Then, one has

(A—2)° = N(z2|4) UM(z|A) (19)
and the assertion of below turns out to be almost obvious.
LEMMA 2. Let the conditions of Lemma 1 hold. Then A C C'iff

i) N(z|C) C N(z]|4), }

(20)
i) M(2|0) C (A — 2)°.

O
Further, consider a proper convex function f : X — RU {+o0o} (see[2-5]) sit.
—oo < INf(f, X) < f(2) < +oo. (21)
Assume, that its Lebesque set
S(f,2) & {z € X|f(x) < f(2)} C intdom (22)

is compact. Note that closed, compact, etc., are understood in the weak topology
o(X,X") [1].

PROPOSITION 1. Let y* € X* and supposethereexistsu € S 2 S(f,z) st.
(y*,u—2z) > 0.

Then the inclusion y* € (S — z)° holdsiff there exists an extreme point y # = of
S and a number A > O st.

fly) = f(z), Ay*€0f(y), } )
0< (y*,y —2z) = max,{{y*,x — z)|lx € S} < 1L
Proof. a) If y* satisfies (23), then
0> f(z) — fly) > (M2 —y) VzeS.
Since A > 0, we have
(" y) = (y",z) Vz€eS.
Therefore, due to the inequalitiesin (23) we obtain
1> (y*y—2) > (y*,z—2) VzeS.
Thus, y* € (S — 2)°.
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422 ALEXANDER S. STREKALOVSKY

b) Necessity. 1) Let y* € (S — z)°andJu € S : (y*,u — z) > 0. Since S is
compact, thereexistsy € S:

(" y) = max{(y", 2| € 5}. (24)
Hence,
0<(y"u—z) <max{(y",z—z)z €S}t =(y"y—2) <L

2) It is well-known (see [8]) that the maximum of a convex function over
convex sets is attained at an extreme point. Therefore, y is an extreme point of S

and f(y) = f(2).

3) Introduce two sets

A = {(z,n) € X X R[f(z) = f(2) <n},
B = {(:L‘,O) €X ><R|(y*,:v—y> 20}

With the help of the Conditions (21) and (22) it is easy to seethat A and B are
convex and nonempty and besides

intA £ {(z,n)|z € intdomf, f(z) < f(z) +n} # 0. (25)
Let usshow that BNintA = (. Actualy, if there exists (w,0) € BNintA, then
(", w—y) > 0> f(w) - f(2).

However, dueto (24) thelatter isimpossible becausew € S and (y*, w) > (y*, y).
4) Hence, the sets A and B are separable (see [1-5)), i.e, 3(z*,5) # 0
X* x R,3v € R, suchthat,

) (&M a)+Bn<y V(zn) €A,
i)  (5z)+pn<~vy VY(x,n) €intA, }
i) (z%,z) >y Vo : (y*,z —y) > 0.

If 3 > 0wederivefrom (26, i) with z = y, that
(z,y) +Bn <v,Vn:in > f(y) — f(z) =0,

whichisimpossible.
If 3= 0itresultsfrom (26, ii and iii) that

(z*,z) <~ Vz € intdom f,
(z",z) >y Vo:{y",z—y)>0.

Since{z|f(z) < f(2)} C intdom f, then3IX > 0:v 2 y+A(u—2) € intdom f
and therefore,

(y*,’U _y> = A<y*7u —U) > 0.
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Hence, (z*,v) > 7. Ontheother hand, (z*,v) < 7, sincev € intdom f. Thus, the
casewhen g = 0 isalso impossible and therefore, 5 < 0.
5) By dividing (26) by || and setting z* = |3|~12*, o = |81, we have

I) <$*733>_77<0‘ V(%U) GA, }
i) (z%z)—n<a Y(r,n) €intA, (27)
i) (z%,7) >« Ve (y*,x—y) > 0.

If x* = Oit followsfrom (27, ii and iii) that
—n<a<0 Vnp:3ze indomf, f(z)—f(z)<n.
Due to (21) there exists z1 € D : f(z1) < f(z). Therefore, In : 0 > n >
f(xz1) — f(z) andthen 0 < —n < a < Owhichisimpossible. Hence, z* # 0.
6) By setting x = y, n = f(y) — f(z) = 0in (27, i and ii) we obtain
a < (z%,y) < o, thatis, « = (z*,y). Furthermore, since z* # 0 # y* and by
virtue of (27, iii) one has
(%, 2) > (2% y) Vz:(y"z) >y, y).

Hence, there exists A > 0 : y* = Az*. On the other hand, it follows from (27, i)
that

%z —y) <n V(z,n): flz) - f(z) <n.
By settingn = f(x) — f(2) = f(x) — f(y) wehave
(z*, 2z —y) < f(z) — f(y) Vz € intdom f.
Hence, z* € df(y) and the proof is completed. O

Now we are in the position to obtain the basic result for the sequel of the paper.
Let ExtC be the set of extreme points of C.

PROPOSITION 2. Let f : X — R U {400} be a proper convex function whose
Lebesqueset S(f, z) = {z € X|f(z) < f(2)} iscompact.
If a nonempty set A C X belongsto S(f, z) i.e.,
Ac{z e X|f(x) < f(2)}, (28)
then

df(y) C N(y|A) Vy e ExtS(f,2). (29)

If, in addition, Assumption (21) holds, then Condition (29) implies Inclusion (28).
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Proof. 1) SinceVy € Ext S(f, z), equality f(y) = f(z) holds and from (28)
we derive

Yy:fly)=f(z), Vz"€df(y), VreA,
0> f(z) — f(2) = f(z) — fy) > (z", 2 —y).

Thismeansthat z* € N (y|A).

2) If (21) holds then according to Lemma 2 Inclusion (28) is equivalent to
(20) where C = S(f,z) £ S. Besides, in virtue of the known (see [3]) equal-
ity N(z|S) = conedf(z) which holds due to (21), from (20, i) we derive
df(z) € N(z]A). Now consider the second Inclusion (20, ii), M (z|S) C (A—=z)°.
According to Proposition 1 the latter inclusion can be expressed as follows. For al
y € Ext S andfor al z* € df(y) and some « > 0, such that,

<a$*7 Yy —= CL> =1, (30)
the inequality

(az*,x—2) <1 Vx €A (32)
takes place.
Subtracting (30) from (31) and dividing by o > Owehave (z*,2 —y) <0 Vz €
A,i.e.z* € N(y|A). The proof is completed. O

3. Convex maximization over afeasible set
This section is devoted to the investigation of the convex maximization problem
f(z) > max, z € D, P)

where f : X — R U {400} isaconvex closed function and D is a set from X,
coD # X. Letusdenote D, = {z € X|f(z) < f(z)} and assume that

C 2 X\D, ={z € X|f(z) < f(2)} C intdom f, (32)
C'is compact. (33)

THEOREM 1. If z € D isaglobal maximizer of Problem(P) (z € Argmax(f, D) =
Argmax(P)) then

Vy: fly) = f(2),y € EXXC, Vy* € 0f(y), } 34)
(v, —y) <0 VzeD.

If in addition,
e X: fv) <f(z)<+oo, (35)

the Condition (34) becomes sufficient for z to be a global solution to (P).
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Proof. It is easy to see that the inclusion z € Argmax(P) is equivaent to
D,ND = (,or D C C. By using the convexity and the compactness of C' and
with the help of Proposition 2 we obtain the assertion of the theorem. O

Remarks. 1) One can see that Assumption (35) is pertinent for the sufficiency.
Actually, for example, if X = R™ and f isdifferentiablethen all global minimizers
of f over the whole space R" satisfy the condition

f'(z) =0,

and, as a consequence, Condition (34) trivially holds.
2) Obviously, Assumption (35) is equivalent to

of(y)n{0t =0 Vy: f(y) =f(z) (36)
which in the differentiable case gives
f'ly) =0 Vy:fly) =f(2). (36)

3) From (34) with y = = and for differentiable f we obtain the well-known
local OC

(f'(z),z—2) <0 Vz €D, (37)

usually proved for convex D. Here we do not need the convexity of D. Hence,
GOC (34) is connected with the Classical Extremum Theory.
4) In the non-smooth case it follows from (34) with y = z that

9f(z) C N(z|D). (39)

This necessary local OC was proved in [2] for aconvex D. The convexity of D is
not obligatory here. In addition, it is clear that (38) is a particular case of the more
general and more informative Optimality Condition (34) in which the inclusion
df(y) C N(y|D) holdsVy € ExtS(f,z) (consequently, f(y) = f(z)).

EXAMPLE 1. Let,in (P), X = R, f(z) = (22— 2) and D = [-2, —1]. Itiseasy
to seethat the ‘classical’ OC (36) holds at two pointsz; = 1, 2z, = —2.

a) Obviously, thereonly existsonepointy; = —1,y1 # zzandys € Ext S(f, z1).
But for w = —13 Condition (34) is violated:

(f'(y1),u1 —y1) = —2.(=3) > 0.

Consequently, z1 is not a global solution.
b) 2o = —2. As above, there exists the unique point y» = 2 # 2, @ y2 €
Ext S(f, z2). However, the OC holds.

(f'(yz),w —y2) <0 Vz € coD.
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It meansthat 2, isthe global solution.

Note, that the verification of Optimality Condition (34) is rather difficult. In
order to make (34) more manageable it is possible to transform it into another
form.

THEOREM 2. Let the assumptions of Theorem 1 hold. In order for a point z to
be a global solution to Problem (P), it is necessary, and with the Assumption (35)
sufficient, that

Vy € Ext S(f, 2),Yy* € 0f(y),

and for every maximizing sequence {z*} of the linearized problem

(y*,z) - max, z € D, (39)
the following condition holds:

lim (y*, 2% —y) < 0. (40)

k—o0

a

It can be readily seen that Problem (39) is simpler than the original problem (P),
since the objective function of (39) islinear. For instance, in the case of convex D,
Problem (39) turns out to be convex. Hence, in this case, Problem (39) turns out to
be solvable with the aid of standard optimization methods [5]. On the other hand,
the investigation of Problem (39)

Vy € ExtS(f,2), Vy*e€df(y),

is a hard task. However, in order to convince ourselves that z is not a global
maximizer to (P), it sufficesto find asingletriplet (v, y*, u)

y € BxtS(f.2), y*€df(y), weD,
such that,
This enables us, as the examples below show, to simplify the investigation of a
local solution considerably.

EXAMPLE 2. Consider the problem (P), where z € R?,

4
f(x) :max{|$l|7|$2|}_17 D= lea
=1

Dy = {z =(z1,22)0<z; <1, =12},

Dy = {z = (21,22)| -3 <21<0, 0<z2< 3},
D3 = {z = (z1,722)| —1< 2, <0, =12},

Dy = {z = (21,22)[0< 21 < 15, —-13<1,<0}
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It is not difficult to see that the L ebesque set
S(f,2) = {z € R?|f(x) < f(2)}
contains the simple set of extreme points
Ext S(f,2) = {y = (y1,92) © [ya] = |y},

that consists of four points, the vertices of the rectangle. Further, numbering these
vertices correspondingly to the orthant numbers, we obtain the equalities

0f (") = co{(1,0);(0,1)};
0f(y°) = co{(~1,0); (0, 1)};
0f(y°) = co{(=1,0); (0, ~1)};
Of (y*) = cof(1, ) (0,-1)}.

At all other points of the level surface

U(z) ={y € R?|f(y) = f(2)},z #0,

thefunction f(-) isdifferentiable, and itsgradient isequal to oneof thefour vectors:
(1,0),(0.1), (-1,0), (0,-1). Let usshow, how, with thehelp of Theorem 3, itispossible
toreachthe global maximum f over D beginning at and of arbitrary feasible point.
Let 2o be (—1 . 2) It follows from the above that i = (—1,0) € af(2°). Then, it
can be readily seen that the point z; = (—1,0) € D3 isthe solution of the problem

(yo, ) » max, =z € D.
Besides, the point z; turns out to be stationary, since f'(z1) = (1,0) and
(f'(21),2 — 21) <0 Vz e D.

Nevertheless, if we consider only one y € S(f,z1), namely y = (-1, —1) with
y; = (0,—1) € 9f(y), oneobtains z, = (0, 1— 3) asthesolution of thelinearized
problem

(yi, ) — max, =€ D.
Now let us provethat z, € Argmax(f, D). Actually,
Ext S(f,2) = {(13,13): (-13.13): (-13,-13): (13, -13) }.

In addition, it can bereadily seenthat Vy € Ext S(f, 22), Vy* € df (y) thesolution
u(y,y*) of the problem

(y*,z) > max, =z € D,
exists and verifies the condition

(", uly,y") —y) <O0.
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Hence, z, isthe global solution.

4. Minimization over the supplement of a convex set
Consider the problem
f(z) = min, z € D, (PR)
where D has the non-empty compact convex supplement C, such that,
C2X\D, ze(DnclC)ChbdD,

clA, and bdA being the closure and the boundary of a set A from a Banach space,
respectively. In addition, assume that

—00 < f(2) = f**(2) < 400, @)
D, ={z € X|f(z) < f(2)} C intdomf**, }

where
[ (z)= sup {<z",2z>—f"(z")}, f"(z")=sup{<z"2>—f(x)}

TxEX % rzeX

are the bipolar and the polar functions of f(-) (see [2-5]). In particular, f may
be convex and finite. Note, that Problem (PR) differs from Problem (P) because
the feasible set of (PR) is the supplement of a convex set, and therefore, it might
happenthat coD = X. In addition, the objective functionis not convex or concave,
but hasits proper bipolar f**. Recall the following fact, mentioned in Introduction.

PROPOSITION 3([12],[14]). Let C' beaclosed convex set and let D bean arbitrary
set from X, st. C N D # ). Thentheinclusion D C C holdsif and only if

N(y|C) C N(y|D) Vy € bdC. 42

THEOREM 3. i) If z € bdD isa global minimizer in (PR) (2 € Argmin(PR)),
then
Yy € ExtC, Vy* € N(y|C),
(y',z—y) <O Vz: f(z) < f(2). }
i) If, in addition,
JveX: fv)<f(z), (44)

then (43) becomes sufficient for =z to be a global solution of (PR).
iii) In particular, from (43) with y = z it follows

N(z|C) C conedf**(z). (45)

(43)
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Proof. i) If z € Argmin(PR), then D N D, # (), which is equivalent to
D, C C. (46)
Since C' isclosed and convex one has

clcoD, C C, 47

whereclcoD, = {z € X|f**(z) < f(z)}. Then due to Proposition 3 we obtain
N(y|C) C N(y|clcoD,) Yy € bdC. (48)
Condition (48) can obviously be expressed as

Yy € bdC Vy* € N(y|C),

(y', 2 —y) <O Va: f*(z) < f(2), }

which is equivalent to (43) in virtue of (41).

ii) Now let (43) and (44) hold. As above, (43) implies Condition (49) which is
equivalent to (48) and (47). Let us prove that (47) implies (46). Actually, due to
(44) the set

int(clcoD,) = {z € X|f™(z) < f(2)}

(49)

is nonempty and open. Furthermore, since Inclusion (47) holds we have
int(clcoD,) C intC C C.

Besides, Assumption (41) allows us to conclude that D, C int(clcoD,) and con-
sequently (46) also takes place. The latter meansthat z € Argmin(PR).

i) Since (see[2-5]) N(z| clcoD?) = conedf**(z) Inclusion (48) withy = z
implies (45). O

Let us make several remarks concerning the obtained condition.
1) It is well-known (see [2-5]) that from the classical OC for Problem (PR) it
follows that

0f () NN (z|K) # 0, (50)

where K is alocal conica approximation of D. Condition (43) is completely
different because it works with the supplement C' of the feasible set D. This can
easily be seen when one sets (43) as

N(ylC) € N(y|S(f,2)) Vy € bdC, (51)

where S(f,z) = {z € X|f(x) < f(2)}. For example, for differentiable f, (45)
implies

(f'(2),zx —2) <0 VzeC. (52)

j 0go298.tex; 30/06/1998; 13:21; v.7; p.15



430 ALEXANDER S. STREKALOVSKY

It seems, that this condition is known and even classical. However, taking into
account that (52) does not hold for the elements of the feasible set D but only
for the points of its supplement C' = X\ D, it becomes clear that (43) is not
really ordinary because it works with unfeasible elements. In addition, Condition
(45) (hence (52)) is the particular case (y = z) of the more general and the more
informative (Vy € bdC) OC (43).

2) On the other hand, (43) conserves the Algorithmic Property of the classical
conditions in the following sense. In order to verify (52) we have to solve the
linearized problem

(f'(2),z) - max, zeC.
If now, Vy € bdC and Vy* € N (y|C'), we consider the problem
(y*,z) = max, f(z)< f(2), (53)

then it follows from (43) that whenever {z*} isamaximizing sequence of Problem
(53) we have

lim (y*,2* —y) <O.

k—4o00
3) Besidesif there existsasingletriplet (y, y*, u)
y € bdC, y" € N(y[C), f(u)<[f(2),

for which we have (y*, v — y) > O thenin virtue of (43) = isnot aglobal solution
of Problem (PR).
EXAMPLE 3. Define f(-) and D in (PR) as follows

f(z) =max{e”,1—=z,—2z}, D=2 R\]-11].

Obviously, C' =] — 1,1 and bdC = Ext C = {—1;1}. Denotez; = —1,2p = 1.
Then

Of (1) = [-2,-1],0f(22) = {f'(22)} = e.

It can easily be seen that z; and z, verify the classical condition (50) so that they

arestationary in the classical sense (wWhere K (z1) =] — oo, —1[, K (22) =|1, +0]).
Let us apply Condition (43).
1) For z; = 1 we have f(z2) = e and one can see that u = —5 is the solution

of the problem (y* = —1/2 € N(y|C))

(y",x) — Mmax, f(:L‘) < f(ZZ)a

In addition, we have

(wu—y)=(-3) (-5+1) >0
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and hence, z» isnot aglobal solution.
2) For z1 consider the two problems

(y2,2) = max, f(z) <2 (55)

yr € N(W'|C),i =12y = -1,42 =1, {y',4?} =bdC.

Since N(y*C) =] — o0,0], N(y?|C) =]0,+o0], it is possible to take 3} =
—1,y5 = 1. Then we see that u; = —1 and up = In2 are the solutions of
Problems (54) and (55), respectively. In addition,

(yI7 uyp — y1> = 07
(y3,u2 —y2) < 0.
Thus, Condition (43) holds Vy € bdC' and therefore, 2, isthe global solution. O

Now, consider the problem with reverse convex constraint
f(z) = min,  g(z) >0, (56)

where f satisfies(41) and g : X — R U {400} isaconvex closed function, such
that,

C 2 {z € X|g(z) < 0} C intdom g, (57)

—oo < inf(g, X) < g(z) =0. (58)
THEOREM 4. i) If z isa global solution of Problem (56), g(z) = 0, then

Vy:ig(y) =0, Vy*€df(y),

(y',z —y) <0 Vz: f(z) < f(2). }

Under Assumption (41) Condition (59) becomes sufficient for z to be a global
minimizer to (56).

i) If set C defined by (57) is compact then in (59) it is sufficient to use only the
pointsy € Ext C.

iii) In particular from (59) with y = z it follows that

0g(z) C conedf**(z). (60)

(59)

Proof. The assertion i) follows from Theorem 3 and the equalities (see [3]):
N(y|C) = conedg(y) Vy:g(y) =0, (61)

that are true because of (58).
ii) It sufficesto recall Proposition 2.
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iii) It results from (61) and (45) of Theorem 3. O

Remarks. 1) It can be readily seen when X = R™ and f and g are differentiable
that it follows from (60)

g(z) =Af'(z), A>0. (62)

The latter is the well-known local optimality condition. Hence, there is a certain
relation between (59) and the classical OC for Problem (56).

2) On the other hand, it is not difficult to see that Condition (60) is not standard
because Vy* € 0g(z) it states the existence of a representation y* = Az*, A\ >
0,z* € 9f**(z), while the classical OC assert the existence of only one of such
representations.

3) Besides, (60) is only a particular case (y = z) of the more deep and more
informative OC (59) (Vy € Ext C).

4) Clearly, for verifying Condition (59),

Vy:g(y) =0, Vy* € dg(y),
one has to solve the linearized problem
(y* @) = max, f(z) < f(z), (63)

(which is simpler than the original problem (56)) and after that one has to verify
theinequality

k—00
for amaximizing (for (63)) sequence {z*}.

5) Finally, in order to show that z is not a global solution it sufficesto find a
singletriplet (y,y*,u) : g(y) = 0,y* € dg(y), f(u) < f(2), st.

EXAMPLE 4. Consider the problem

f(z) & (:vl - %)z—i- (xz—i- %)2 —min, g(z) 2 |z|-Vv2>0.

Since ¢g(-) is differentiable : ¢'(z) = x/|z| for z # 0, it results from (62) with
z = ((1,¢2)

€52 _ o\ (- e+ 3). (64)

|2
Taking into account, that |z| = /2, we have

a1=CG—-1, alan=0+1 a>0
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Consequently, {1 = —(2 = (2 — ) L. Further, since ¢? + ¢3 = 2, we obtain a
quadratic equation for «. Solving this equation we have oy = 3, a2 = 1. Hence,
there are two critical points

z1=(1,-1), 2z =(1,-1).
Now, apply GOC (59). In order to do this consider the points y = (0, —v/2),
g(y) =0,u=(0,3) and f(u) = ¥ < 3 = f(z1). Then, we have

() -i-eoo

The latter means that the point 21 is not aglobal solution. Hence, the point 2, isa
global minimizer because Equation (64) has only two solutions.

EXAMPLES. Let z € R? and consider the problem
f(z) = (1 — 12422 > min, g(z)=25—-21—2>0.

It can be readily seen that the point z = (—2,0) verifies the classical condition
(62). However, for (y, u)

y=3%(1,vI0) g(y) =0=g(2),u =} (1,3VI0) , f(u) < /(2),
we obtain
(o) u—v) = 3 >0

Hence, according to Theorem 4, z cannot be a global solution.

5. Conclusion

In this paper, using the subdifferential 9f(y), at an extreme point y of the compact
§=5(f,2) ={z € X/f(z) < f(2)}

of aconvex function
f: X = RU{+o0}

over a Banach space X, the following results have been obtained:

— thecharacterization of anelement y* € X*, which belongstothepolar (S—2)°
but is not contained in the normal cone N (z, S);

— the characterization of theinclusionof aset A C X into S(f, z);

— global optimality conditions for convex maximization, which generalized the
classical optimality conditions for the problem of interest;

— global optimality conditions for reverse convex problems, that are connected
with Classical Extremum Theory;
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— all theoretical results were illustrated by numerical examples.
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